Phase relations between specific scales in a turbulent boundary layer are studied here by highlighting the associated nonlinear scale interactions in the flow. This is achieved through an experimental technique that allows for targeted forcing of the flow through the use of a dynamic wall perturbation. Two distinct largescale modes with well-defined spatial and temporal wavenumbers were simultaneously forced in the boundary layer, and the resulting nonlinear response from their direct interactions was isolated from the turbulence signal for the study. This approach advances the traditional studies of large-and smallscale interactions in wall turbulence by focusing on the direct interactions between scales with triadic wavenumber consistency. The results are discussed in the context of modelling high Reynolds number wall turbulence.
This article is part of the themed issue 'Toward the development of high-fidelity models of wall turbulence at large Reynolds number'.
Introduction
Energetic velocity fluctuations in wall turbulence typically span a wide range of spatial and temporal scales, with a growth in separation between the largest and smallest scales of interest with increase in Reynolds number. Statistical quantities and coherent structure associated with the fluctuations, both widely studied aspects of wall turbulence, essentially emanate from the flow dynamics that govern the various scales and their interactions. Bridging the gap between the statistical and structural views, a long-standing problem in wall turbulence, is very challenging given the highly multi-scale nature of turbulent fluctuations. In this context, the relative placement (or arrangement) of scales in space-time becomes a key element of the flow description. Our broad interests are in understanding the complex dynamics that give rise to the various scales and their interactions, which result in their observed intensities and spatio-temporal arrangement. Advances along this line have direct implications for wall turbulence model development.
Historically, the question of scale interactions was addressed by making a binary separation of scales. The turbulence signal was split into large-and small-scale components by using a suitable filter, and the large-and small-scale relationship was inferred through studies of superposition effects [1] and correlations [2] [3] [4] . One of the key observations of these early works was the distinct influence of large scales on the dynamics of large-and small-scale coupling [2] . Spurred by the availability of experimental data at high Reynolds number, this subject has gained renewed interest in the past decade. The overarching significance of the large scales, particularly the very-large-scale class of motions (VLSMs), on the flow dynamics becomes pronounced with increasing Reynolds numbers [5] [6] [7] . An amplitude modulation mechanism was invoked by Hutchins & Marusic [8] to explain the influence of large scales on small scales-the temporal variation of local small-scale intensity was understood as being modulated by the underlying large scales, with a varying degree of modulation dependent on the wall-normal distance [9, 10] , as well as experiencing the linear superposition effect associated with the footprint of the large scales reaching the wall. Based on this understanding of the large-and small-scale behaviour, a simple and elegant empirical model was constructed to mathematically describe the relationship between them [11] . The utility of such a model lies in its ability to predict small-scale fluctuations when only the large-scale signal is available, as is typically the case in high Reynolds numbers experimental scenarios or large-eddy simulations [12] .
Further insights into the dynamics of turbulent velocity fluctuations can be obtained by studying the interactions associated with a specific scale, or a specific set of scales. It is important to provide a formal description of 'scale' at this point-while the definition of scale is not mathematically unique, it is convenient to write the turbulent velocity fluctuations as a combination of normal modes (or Fourier modes) and take the associated wavenumber or wavelength to be the scale of the fluctuating component. When the fluctuations are expressed in the form of normal modes, it simply follows from the quadratic nonlinearity of the governing Navier-Stokes equations that direct interactions (or coupling) between scales (or modes) occur among a set of any three triadically consistent wavenumbers (see §3 for further discussion). Triadic wavenumber interactions are fundamental to the dynamics of turbulence when expanded in a Fourier decomposition and form the backbone of all scale interactions, including the large-and small-scale interactions discussed above. This work is focused on understanding the phase relations, or the relative arrangement of scales, in specific sets of triadic wavenumbers through an experimental approach that permits the generation and characterization of synthetic turbulent interactions.
The experimental technique is based on the extensive study of Jacobi & McKeon [13] on the effects of a spatially impulsive dynamic wall roughness perturbation in a turbulent boundary layer. The wall perturbation was shown to be effective in forcing or exciting a synthetic large-scale velocity fluctuation in the flow with well-defined spatial and temporal length scales, modelled as a (decaying) normal spatio-temporal mode or a travelling wave. This experimental technique was adapted by the authors in previous work [14] to effect targeted forcing in a turbulent boundary layer at a single large spatio-temporal scale and study the modified triadic phase relations in the flow. A striking phase-locking effect was observed among triadic small scales directly coupled to the synthetic large scale, revealing organization of a significant degree built into the dynamics of the governing equations [14, 15] . An extension of the wall perturbation technique is implemented to simultaneously force two distinct large-scale modes in the flow and highlight their nonlinear interactions. A demonstration of the technique and key results were recently presented by the authors in a short paper [16, the experimental set-up and results, data from DM16 are subject to further analysis here. The triadic interactions resulting from the synthetic modes and associated phase relations are studied in detail. The implications of this work towards wall turbulence modelling at high Reynolds numbers is discussed towards the end.
Forced turbulent boundary layer
A brief description of the experimental set-up from DM16 is provided in this section for the sake of completeness. External forcing was applied to a flat plate zero-pressure-gradient boundary layer flow using a dynamic wall perturbation. The flow has a constant free-stream velocity of U ∞ = 22.1 m s −1 in the streamwise direction (x) and is fully turbulent at the perturbation location with a layer thickness δ = 16.6 mm and momentum thickness Reynolds number Re θ = 2780 (figure 1). Using the Coles-Fernholz empirical relationship the corresponding local friction Reynolds number was estimated to be Re τ = u τ δ/ν ≈ 940 (ν is the kinematic viscosity of air and u τ is the friction velocity). Although the estimate of Re τ is strictly valid only for a canonical flow, the friction length scale ν/u τ obtained from it serves as a useful reference. The wall perturbation geometry consists of a thin straight rib of thickness 1.5 mm aligned along the spanwise direction (z). The rib is connected to a linear motor mechanism placed underneath the plate; a plate insert allows for smooth rib reciprocation in the wall-normal direction (y). The rib is actuated by the motor with a waveform consisting of two frequency components, given by
where h(t)/δ is the instantaneous non-dimensional height (y location of the rib) with h = 0 corresponding to the wall. The following amplitude and frequency values were chosen for the experiment: a = 0.024;
Hz. Note that the maximum instantaneous height of the rib is around 10% of the local boundary layer thickness; h max = 0.096δ and h rms ≈ 0.054δ from equation (2.1). A discussion on the choice of these parameters can be found in DM16. Phase-locked measurements of the time-resolved streamwise velocity U were made using a hotwire anemometer at three different measurement stations downstream of the perturbation (marked in figure 1 ). At each measurement station, the wall-normal flow profile was sampled at 50 logarithmically spaced locations between y = 0.008δ and 3δ, with sufficient temporal resolution to fully resolve the turbulence spectrum at all locations. Measurements were also made of the canonical flow (smooth flat plate without the perturbation) for reference and were found to be in satisfactory agreement with previous literature. The boundary layer thickness and Reynolds number grow at a very slow pace in the region of interest (0 < x < 5.4δ) and hence are treated to be constants for the purposes of the present analysis. In addition, in comparison with the canonical flow, no significant changes in δ or Re θ were noted in the presence of the dynamic forcing in the region of measurements. The streamwise velocity signal U from the measurement stations is decomposed into local mean and fluctuating components, U(y, t) = U(y) + u(y, t). The fluctuations u reveal a strong linear response from the flow at the forcing frequencies f 1 and f 2 , clearly notable in the power spectrum of u (see figure 2 of DM16). Each of the two frequency components has an associated length scale in the streamwise direction, and with that the linear response fluctuations can be modelled as normal modes. Note that because the wall perturbation geometry is invariant in the spanwise direction, the induced disturbances are nominally treated to be two dimensional (x-y plane, two-dimensional). The linear response modes and their triadic nonlinear interactions will be considered in detail in the following section.
Triadic scale interactions
We [16] (reproduced with permission). A thin spanwise-aligned straight rib is positioned at the wall (x = 0) and actuated in the wall-normal direction to force the flow simultaneously at two frequencies. Phase-locked hotwire anemometer measurements were made at three downstream (x > 0) stations as marked. The boundary layer thickness δ and Reynolds number Re θ for the flow at station-1 (x = 2.7δ) are indicated; only a minor increase in these quantities was noted over the range 0 < x < 5.4δ. (Online version in colour.)
Figure 2.
A network diagram illustrates one triadic interaction between modesũ 1 ,ũ 2 andũ 3 . The endogenous forcing at wavenumber k 3 that results from the interaction betweenũ 1 andũ 2 , along with contributions from all the other interactions of the turbulent scales (denoted byg 3 ), form the inputf 3 for the transfer function H 3 (resolvent operator). The velocity response atũ 3 is the corresponding output from H 3 . Not shown here are the other interactions associated with the same triad set {ũ 1 ,ũ 2 ,ũ 3 } which lead to endogenous excitation ofũ 2 andũ 3 . (Online version in colour.) (ũ i ,ṽ i ,w i ) being components along directions (x, y, z) respectively. They are written in a general form asũ
denote spatio-temporal wavenumbers along the homogeneous directions (x, z, t), respectively. The complex amplitudesû i and conjugatesû * i are a function of the nonhomogeneous coordinate y, and contain the phase information of the modes. As noted above, k z1 = k z2 = 0 in the case of the present experimental modes. The nonlinear convective acceleration term in the governing Navier-Stokes equations (u.∇u) enables interaction between the modesũ 1 andũ 2 . Note that u represents the full field of turbulent velocity fluctuations, of which modesũ 1 andũ 2 are components along with the other scales of turbulence.
The quadratic nature of the nonlinearity implies that the interaction of modesũ 1 andũ 2 results in a direct coupling to their sum (k 3 = k 1 + k 2 ) and difference (k 4 = k 1 − k 2 ) wavenumber modes, denoted byũ 3 andũ 4 , respectively. Such sets of dynamically coupled wavenumbers {k 1 , k 2 , k 3 } and {k 1 , k 2 , k 4 } are said to possess triadic consistency, and the interactions between the three triadically consistent modes are referred to as triadic interactions. In addition, the self-interactions of the modesũ 1 andũ 2 establish a direct coupling with their respective harmonic modes, denoted byũ 5 (with wavenumber k 5 = 2k 1 ) andũ 6 (with wavenumber k 6 = 2k 2 ), as well as providing a contribution to the mean velocity, which is the zero wavenumber mode with k 0 = (0, 0, 0), via k 0 = k i − k i . These latter instances are special cases of triadic interactions. These triadic interactions can be understood in the context of the resolvent operator formulation for wall turbulence of McKeon & Sharma [17] . In this approach, the dynamics of the governing Navier-Stokes equations are separated into linear and nonlinear parts. The nonlinear term, which introduces coupling between scales, is then treated as a source of forcing that drives the linear dynamics of the system. Considering a divergence-free basis for simplicity (see [18] for the general case), at each scale k i the equations reduce to the form
In equation (3.2) , H is the linear Navier-Stokes resolvent operator andf i represents the net contribution from the nonlinear term (−u.∇u) at that scale. For a given scale k i , the termf i arises from the interactions of all other pairs of triadically consistent turbulent scales k a , k b such that k a ± k b = k i . Thereby,f can be considered as a form of endogenous nonlinear forcing that arises from the flow turbulence and acts on the linear transfer function H to sustain the velocity fluctuationsû. It is to be noted that all terms in equation (3.2) are a function of the nonhomogeneous coordinate (y), and that H i contains the mean velocity profile, U(y). Note that under this formulation, triadic interactions with the mean are contained within the action of the linear resolvent operator. We now consider the direct interactions between modesũ 1 andũ 2 in the light of the abovementioned discussion, and begin by examining the single set of triadic modes {ũ 1 ,ũ 2 ,ũ 3 }, illustrated in figure 2 in the form of a network diagram. The endogenous nonlinear forcing arising at the sum wavenumber k 3 from the interaction ofũ 1 andũ 2 is a component of the total forcing f 3 , which results in the velocity responseũ 3 through the transfer function H 3 . The net triadic contributions from the rest of the turbulent scales are lumped together and represented byg 3 . Note that similar interactions betweenũ 2 andũ 3 contribute to forcingf 1 that drivesũ 1 , and interactions betweenũ 1 andũ 3 contribute to forcingf 2 that drivesũ 2 . Thus, self-excitation of all three legs of a given triad is possible. These interactions can also be explicitly shown by adding resolvent blocks H 1 and H 2 to the network diagram in figure 2 , but are omitted for simplicity. An extension of the network diagram with all the direct interactions betweenũ 1 andũ 2 is shown in figure 3 . In the case of the present experiment, a strong linear response to external forcing is exhibited inũ 1 andũ 2 , and the direct interaction betweenũ 1 andũ 2 is expected to result in a coherent nonlinear response at modesũ 3 ,ũ 4 ,ũ 5 andũ 6 (as outlined in figure 3) . The streamwise velocity components of the linear and nonlinear response modes are isolated from the full turbulence signal in the following section, and the associated triadic phase relations are investigated. Note that for two-dimensional perturbations the wall-normal velocity components are simply generated using the continuity equation. We focus our attention on the two modes directly (linearly) excited by the dynamic perturbation and those generated through the first-order nonlinear interactions of the synthetic modes.
Synthetic modes and phase relations
The spatio-temporal wavenumbers and wavespeeds, c (= ω/k x ), for the six synthetic modes under consideration (two directly forced by the dynamic wall perturbation, four arising as a result of nonlinear interactions) are summarized in table 1; details of determination of the spatial wavenumbers and wavespeeds via phase-locking can be found in DM16. The mode RMS amplitudes |ũ | and phases ũ as a function of y are shown in figure 4 . As observed by DM16, all modes have non-negligible amplitudes in the same wall-normal region, and little phase variation in y until y ≈ 0.4δ, where 180 degree phase jumps of varying abruptness and sign are initiated in all modes exceptũ 4 , for which the jump occurs around y ≈ δ. DM16 also observed that not only is the triadic consistency of the excited modes borne out in experiment, but also the wavespeeds of all the modes are almost identical, meaning that the excited disturbance essentially constitutes a continuous stream of non-dispersive wave packets. The temporal variations in velocity of the individual modes at x = 2.7δ are shown in the composite figure 5 ; the data can be converted to the spatial domain using the wavespeeds of each disturbance; however, the coherence of the data is unambiguous in the temporal domain.
The six modesũ i correspond to an externally excited (two-dimensional) subset of turbulence which can be identified because of the experimental construction, and summed to give a composite synthetic signal. The spatial variation of this synthetic wave packet of turbulence shows significant complexity, as shown in figure 6 ; here, the respective convection velocities for each mode (table 1) have been used to convert between the temporal and spatial domains. Recollect that external forcing was applied in a spatially impulsive manner, and hence the disturbance decays with streamwise distance downstream of the perturbation. The complex components of the streamwise wavenumbers k x associated with exponential decay can be easily calculated (see [19] ); however, for clarity of the presentation the streamwise decay in mode amplitudes has not been applied to the spatial mode shapes. Clearly, the directly excited modes, u 1 andũ 2 , are energetically dominant, but the modes generated by nonlinear interaction of these modes interrupt the otherwise somewhat clean beating between them.
The full amplitude modulation coefficient was investigated in Duvvuri & McKeon [14] and shown to deviate from the variation in the unperturbed boundary layer only in the wall-normal region where the synthetic scale was energetic, consistent with triadic interaction arguments made therein. The phase relationship between a single synthetic large scale and the envelope of the small scales has been previously identified [13, 14] . A correlation coefficient, Ψ , was introduced to quantify this relationship [14, 15] , which is effectively the amplitude modulation coefficient associated with a large-scale signal consisting only of the synthetic scale
Similarly, a synthetic scale can be correlated with the envelope of all other scales [15] Here,Ẽ andR are envelope functions at k i of the small scales and all scales (other than k i ), respectively, and · denotes the averaging operator. For the purposes of the discussion here, we also identify the correlation associated with individual nonlinear interactions between synthetic modes. For example, ξ 12-3 denotes the correlation betweenũ 3 and the streamwise Reynolds stress component,R , with the same wavenumbers and frequency generated by the (additive) interaction of onlyũ 1 andũ 2 , where
As in the case of the amplitude modulation coefficient and the correlation coefficients Ψ and Φ, ξ 12-3 constitutes a dot product, taking values in the range ±1, and thus can be interpreted as 
Figure 6. Composite figure shows the summed velocity modes. Conversion from the temporal to the spatial domain was performed for each mode, using the respective convection velocity given in table 1. Top: sum of the directly excited modes u 1 +ũ 2 ; bottom: sum over all six modes that constitute the synthetic wave packet.
representing the phase relationship betweenũ 3 andR 12-3 (see also [14, 20] ). Thus, ξ 12-3 encodes the wall-normal variation of this phase, whereR is set by the linear responses of the flow to forcing,ũ 1 andũ 2 , and byũ 3 through their nonlinear interaction. The transfer function between these modes, including the variation of wall-normal velocities, which was not measured but can be reconstructed using the continuity equation for fully two-dimensional modes, is the resolvent operator of equation (3.2) . For the form of the synthetic modes given in equation (3.1), denoting the phase of complex amplitudes by ũ i (as shown in figure 4 ) and considering the correlation of u 3 with the streamwise stress associated with the productũ 1ũ2 , we have
and
The three correlations Ψ , Φ and ξ describe the phase relations of the nonlinear interactions associated with a given mode (with the small scales, all other scales, and within an individual triad arising from synthetic modes), as shown in figure 7 forũ 3 . The correlations associated with the synthetic triads exhibit different trends to those observed in the (unperturbed) amplitude modulation coefficient, R or the correlation coefficient Ψ . R varies (not always monotonically) from a positive value near 1 close to the wall to close to −1 in the wake region, passing through zero at a location that follows the peak amplitude of the very large-scale motion in the streamwise velocity spectrum and gives rise to a 90 degree phase lead of the small scales at the wall-normal location that is believed to identify the critical layer associated with that motion [17] . Ψ 3 exhibits a gradual change from 1 to −1, or a 180 degree phase shift, in the region of the critical layer for the synthetic mode. The same phase change is more abrupt and closer to the wall for Φ 3 , and ξ 12-3 displays the value −1. The differences between the correlations must be attributed to the different triads accounted for in each case.
Similar correlations ξ , ξ , ξ can be formulated to study the phase relationships in the other directly excited sets of triads (figure 8). The most striking result from this figure is the consistent 180 degree phase offset between the Reynolds stress and velocity response in the wallnormal regions where the synthetic modes are energetically active, demarked by the vertical dash-dotted lines, despite the very different phase variations between modes illuminated in associated with the resolvent operator and a single triadic interaction-or at least the subset associated with the streamwise velocity components.
We note that all the interactions except that represented by ξ 12-4 represent upscale excitation, i.e. an excited mode with a higher wavenumber and frequency than either of the exciting modes. To date, studies of amplitude modulation have focused on the relationship between large scales and the stresses arising from small-scale interactions; however, the current results permit identification of the relationship between stress owing to particular large scales and a smaller scale. It can be inferred that such phase relationships exist, but are masked in canonical wall turbulence where the relatively energetic large-and very large-scale motions lead to simple visual identification of apparent modulation of the small-scale activity. Using the synthetic mode excitation and recovery described herein, such correlations can be observed.
Implications for high Reynolds number modelling
The experiments described herein represent one means of generating synthetic turbulence, or energetic activity at scales that can be explicitly identified, with amplitudes captured by phaselocking to the input disturbances. Despite exciting only two synthetic modes (two-dimensional, with two different frequencies), the resulting flow includes strong signals at sum and difference frequencies, as well as a complex footprint in other scales, as identified using correlation techniques. While the Navier-Stokes equations dictate that nonlinear triadic interactions occur in this wavenumber-frequency formulation, it has been demonstrated that specific interactions can be observed and interrogated using dynamic forcing. The characterization and correlation techniques employed encapsulate the connectivity between scales or the interactions between scales that sustain the broad spectrum associated with wall turbulence. While this study has been limited to two-dimensional, spanwise-constant disturbances rather than the threedimensional activity associated with the real turbulence, we hypothesize that our synthetic turbulence approach can be used to distil the essential connectivity between scales required for modelling: low-order models, subgrid and wall scale models for large eddy simulation. Further, the resolvent formulation of equation (3.2) offers a rigorous analytical basis by which to analyse these interactions. Preliminary studies have shown that the synthetic modes may be reasonably approximated by passing the stress, R jk-i , calculated from experiments through the resolvent operator, or by a low-order assembly of the singular functions determined from a singular value decomposition of the resolvent [13, 19] . Work on these developments is ongoing. 
